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Lesson (5-1)

Antiderivatives

THEOREM 1.1

Suppose that F and G are both antiderivatives of f on an interval /. Then,
G(x) = F(x)+c,

for some constant c.

DEFINITION 1.1

Let F be any antiderivative of f on an interval /. The indefinite integral of f(x)
(with respect to x) on /, is defined by

ff(x)dx = F(x)+c,

where c is an arbitrary constant (the constant of integration).

THEOREM 1.2 (Power Rule)

For any rational power r # —1,

xr+l
/x’dx: +c.
r+1

Here, if r < —1, the interval I on which this is defined can be any interval that does
not include x = 0.

THEOREM 1.3

Suppose that f(x) and g(x) have antiderivatives. Then, for any constants, a and b,

/laf(x)+bg(x)|dx =a/f(x)dx+bfg(x)dx.
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fx’dx = —1 (power rule) fsecxtanx dx =secx +c¢
d [smxdx——cosx—i—c fcscxcotxdx:—cscx—l—c
:
W
- [cosxdx_smx-l-c fe-"dx:e"‘—kc i
: :
< /eec xdx =tanx +c¢ fe‘xdx=—e"‘+c >
; 1 :
w
2 csc’xdx = —cotx + ¢ f—dx:sin"x+c u
g f V1 —x2 ;
1 >
dx_tan x+c f—dx:sec“x-}—c
- f |x|v/x% =1
: :
® | THEOREM |.4 u
g d g
o Forx;éo,alnlx|=— 4
- -
0 v
: :
‘E COROLLARY I.1 3
£ In any interval not containing 0, 8
I
1
2 f—dx=1n|x|+c. o
X f -
F =

COROLLARY 1.2
f'(x)
FiE)

in any interval in which f(x) # 0.

dx =In|f(x)| +c,
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@& rFind an antiderivative of f (x) = x2

y
F Y

e
z

A family of antiderivative curves
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Sketch several members of the family of functions defined by the

"

antiderivative.
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[ 2secxtanxdx

° /‘ cosx

sm x
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find the general antiderivative.

% Grade 12 Advanced

Viv A3INHY ViV A3INHVY

The Featured program




The Featured Program msssss——— TERM 3 (2025-2026)

a ISSeczxdx

° [(BN?Jr — 2)dx
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° [(3cosx — 1/x)dx

°[(2x" + sinx)dx
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o fcos X dx

sinx

° [(ZCOS X — ez-‘) dx
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o fx'/*‘(xsf4 —4)dx

© [Jr2/3(x“"f3 —3)dx
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25 ) [(s/F+4)dx
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Eln|secx+tanx| o Elnlsinr'm
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Find the function f (x) satisfying the given conditions.

J© =3 +x f(0) =4
< :
a =
= :
< >
< ;
< :
a =
2 L
< a

>
: @ F®=4cosx f(©0) =3
] :
: k
g o
° -}
H L]
5 0
3 s
- =
“ L
g g
'8

'8
0 . ,
@ =12+ 2e, F0) =2 f(©) =3 é‘
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©Qrv=2+2t, fO) =2 f@3) =2
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© 7 '(») = 3sinx + 4x?
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@) Determine the position function if the velocity function is

v(t) = 3 — 12t and the initial position is s(0) = 3.
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e Determine the position function if the velocity function is

v(t) = 3e~! — 2 and the initial position is s(0) = 0.

e Determine the position function if the acceleration function is
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a(t) = 3sint + 1, the initial velocity is v(0) = 0 and the initial

position is s(0) = 4.
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° Determine the position function if the acceleration function is a(t) =

t> + 1, the initial velocity is v(0) = 4 and the initial position is s(0) = 0.
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Find an antiderivative by reversing the chain rule, product rule or quotient
rule

L7
b xsin2x + x%cos2x dx
»: ©
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e Find a function f (x) such that the point (1, 2) is on the graph of y =
f (x), the slope of the tangent line at (1,2)is3and f'"(x) = x — 1
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° Find a function f (x) such that the point (—1,1) is on the graph of y =
f (x), the slope of the tangent line at (—1,1) is2 and f"'(x) = 6x + 4.
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a If an object’s downward acceleration is given by y''(t) = —9.8 m/s?, find
the position function y(t). Assume that the initial velocity is y'(0) =

—30m/s and the initial position is y(0) = 30,000 m.
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° Sketch the graph of functions f (x) corresponding to the given graph of y = f '(x). f (x)

Is continuous

Yy
F 3
Jofx .
I
S
£ m
O
4 :
>
/_\ .
I
I I I I : — 1 g
-3/-2 -1 1 2 3 T
T >
>
_4__
g
0
1
-}
. . . , v
e Sketch the graph of function f (x) corresponding to the given graph of y = f (x). f (x) Is 2
continuous -]
[
Yy [/
+ fi(x) e
4- 0
34 =

\l/l —t—>
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Lesson (5-1) part 2

Find the general antiderivative.

xX—4
of\/}_zdx
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dx

j sin’x + cos?*x

Ccosx cotx

2sinx cosx

O
cos~x sin“x
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tanx

x% + 2x

C Yt
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© f (tanx — cotx)dx
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oj 5e”* ldx

af 3e* (e* —5)dx
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of cos5x dx

sin’x
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Lesson (5-2)

Sums and Sigma Notation

20
Ziz =12 + 22 + 32 +... +202
i=1

to indicate that we add together terms of the form i?, starting withi = 1
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and ending with i = 20. The variable i is called the index of summation

E In general, for any real numbers a4, as,........ , d,, we have g
) n g
0 -]
a Z a, = aq —+ a, + as + - 4 an e
v i=1 Y
0 v
u 0
-] ™
T Write in summation notation %
0
18 ]
& V1+V2+3+--+ /10 L
£ -
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@ 201> + 2022 + 2372 + - + 2(14)?

@ T+ T+ AT+ /151
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Write in summation notation: the sum of the first 200 odd positive
integers
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o The sum of the squares of the first 50 positive integers

o The square of the sum of the first 50 positive integers
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o The sum of the square roots of the first 10 positive integers.

o The square root of the sum of the first 10 positive integers
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write out all terms and compute the sums
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THEOREM 2.1

If n is any positive integer and c 1s any constant, then

n
(1) Z ¢ = cn (sum of constants),
i=1

n l
(11) Zi = n(n:— ) (sum of the first n positive integers) and

i=l1

= e (sum of the squares of the first n positive integers).

L DR2n+1
Giii) Zl_:l_n(n+ )(2n+ 1)

i=l

THEOREM 2.2

For any constants ¢ and d,

i:(ca,- +db,) = ci:a,- +dib,
i=l i=l1 i=l

Computing Sums Using Theorems 2.1 and 2.2

8
@ >ei+)

i=1

800
e >+

i=1
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n

compute sums of the form )  f(x;)Ax for the given values of x;.
i=1

D f(x)= x> + 4x; x = 0.2,0.4,0.6,0.8,1.0;, Ax = 0.2;, n =75
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€©rx)=3x+5 x=0408121620 Ax = 0.4 n =5

g ;
: a
b 0
- a8
v

0 L)
u 0
- ™
w 3
g v
4 0
e M
0

H 2
PP ()= x* + 4 x=205215225235,...,295 Ax=01 n=10 P
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Sum the values off (x) = x* + 3
Evaluatedatx = 0.1,x = 0.2,...,x = 1.0.
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™ Sum the values of f (x) = 3x*> — 4x + 2
evaluatedatx = 1.05,x = 1.15,x = 1.25,...,x = 2.95.
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compute the sum and the limit of the sumas n » ®

@5![() ()
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e Suppose that a car has velocity S0 mph for 2 hours, velocity 60 mph for 1 hour,
velocity 70 mph for 30 minutes and velocity 60 mph for 3 hours. Find the distance

traveled
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ge Suppose that a car has velocity 50 mph for 1 hour, velocity 40 mph for 1 hour,
velocity 60 mph for 30 minutes and velocity 55 mph for 3 hours. Find the distance

traveled
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Lesson (5-3)

Area

Assume that ' (x) = 0 and fis continuous on the interval [a, b], as in Figure

We start by dividing the interval [a, b] into 77 equal pieces. This is called a regular partition of

b—a

[a, b]. The width of each subinterval in the partition is then which we denote by AX

(Meaning a small change in x). The points in the partition are denoted by

AHMED ATA AHNED ATA
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Xo = Q, X1 =Xx¢ + Ax, X, = X1 + AX and so on. In general,

X;= Xo + iAx, fori =1,2,...,n

9 £
b y (L
8 A s
0 20+ g’
2 1.5+ /\ 8
g 1.0+ S
d Ax —»fe Ax Ax e Ax —fe Ax Ax 1 i
e e e e :
L t t t i } } t i ' | } —
8 a=x, X X5 X3 Xy X5 b=xq a ' ' ' b ' '5
M [/
0 " 5
‘ A 2
j= 2.0+ =
1.5+
1.0+
| 0.5+
A= f(x))Ax + f(x2) Ax + f(x3) Ax + f(xs) Ax = Aq. >x
Xp X 1 X 2 X 3 X 4

A= f(x)Ax + f(xp)Ax +--- 4+ f(x,)Ax

— Xn:f(x,-)Ax = Ag.

=l
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Approximate the area under the curve f (x) = 2x — 2x? on the
interval [0, 1], using 5 rectangles and the evaluation rules
(a) rightendpoint

—05 ——

5
A= Ag = Z f(x)Ax = I /
i=1
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(b) left endpoint —o:s % ,..\\

The Featured program
|
™~
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The Featured program

(¢c) midpoint

— 05 -
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y ¥y B ¥
rs r'y A
0.5+ 0.5+
04+ 04+
03+ 03+
02+ 02+
0.14 0.14
T T 1 X t 1 1 —» x
02 04 06 08 10 02 04 06 08 1.0 02 04 06 08 1.0
ARAlU A'FUAzU A%A;m

Notice that as n gets larger and larger, A, seems to be approaching %
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o Approximate the area under the curve
f (x) = sinx on the interval [0,],n = 4

£ right endpoint
g | :
u 0.8 %
: ; :
X -
‘ 0.2 n
o o f T2 T ‘
n 0
: -0.2 h
w -]
] w
¢ g
L

i
0 . 0
IIE o left endpoint |E

° midpoint
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use the given function values to estimate the area under the curve using

X 000102030405 |606]|07]|0.8
fix) | 20|24 |26 |27 |26 |24 20|14 06

©
° left endpoint
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o right-endpoint

° X 0002|0406 |08]|10]12|14] 16
flx) | 20 (22|16 |14 |16 20|22 |24 |20

o left endpoint

The Featured program
The Featured program

o right-endpoint

g
=
g
a
w
2
I
g
g
=
g
a
wu
2
I
g

ahatta.math@gmail.com % Grade 12 Advanced



The Featured Program msssss——— TERM 3 (2025-2026)

o Approximate the area under the curve on the
given interval using n rectangles and the evaluation rules
n

< A= z f(x;)Ax
% R; x;j=a+Axi L, x;=a+Ax(i—1) M, xi=a+Ax<i—E> E
) y=x*4+1 on[0,1, n =16 .
<
'—
: (a) Right endpoint §
s :
I o
) s
>
E
q £
= 6
o |.
0 o
h 0
a e
g (b) Left endpoint -
b 0
-] b
o -]
“ |
4 0
- '8
0
< 2
- =

(c) Midpoint

g
=
g
a
w
2
I
g
g
=
g
a
wu
2
I
g

ahatta.math@gmail.com {';F Grade 12 Advanced



The Featured Program msssss——— TERM 3 (2025-2026)
° y =Vvx + 20on[1,4],n = 16

(a) Right endpoint

AHMED ATA AHNED ATA

(b) Left endpoint

Viv A3INHY ViV A3INHVY

£
g £
] :
8 :
-}
T
¢ v
= 0
2 - 5
‘§°y = COS X on [O'E]' n = 50 ¢
k (a) Right endpoint E
: [
€ f
- =

(b) Midpoint
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DEFINITION 3.1

For a function f defined on the interval [a, b], if f is continuous on [a, b] and
f(x) > 0 on [a, b], the area A under the curve y = f(x) on [a, b] is given by

H—00 H— 0D

n
A = lim A, = lim ) f(x;) Ax.
i=1

DEFINITION 3.2

Let {x¢, xy, ..., X,} be a regular partition of the interval [a, b], with
Xi—Xi_) =Ax = ; , for all i. Pick points ¢y, ¢3, ..., ¢,, where ¢; is any point in
the subinterval [x;_,, x;], fori = 1,2, ..., n. (These are called evaluation points.)

The Riemann sum for this partition and set of evaluation points is

anf(Ci)AX-
i=

Use Riemann sums and a limit to compute the exact area under the curve

© =3 on [0,3]

o y =x*+1 on [0,1]
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€ »y-=x+3x on [0,2]
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on [1,3]

<
Il
w
=
N

e
=]
T
=2
(¢
=
]
=
-
(¢~
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n—og

“ 2
which area equals lim Z V2 /T+i/n =2
i=1 n
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o Show that the areaundery = ax?for0<x<bis % of the base times the
height
Gb-ab?)
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Lesson (5-4)

The Definite Integral

n
A= lim ; f(c;) Ax,

L

DEFINITION 4.1
For any function f defined on [g, b], the definite integral of f from a to b is

/ bf (x) dx = lim if (c;) Ax,
a ®i=1

whenever the limit exists and is the same for every choice of evaluation points,
€1, €y, - -+, C,- When the limit exists, we say that f is integrable on [a, b].

THEOREM 4.1

If f is continuous on the closed interval [a, b], then f is integrable on [a, b].

DEFINITION 4.2

Suppose that f(x) > 0 on the interval [a, b] and A, is the area bounded between
the curve y = f(x) and the x-axis for a < x < b. Further, suppose that f(x) < 0 on
the interval [b, c] and A, is the area bounded between the curve y = f(x) and the
x-axis for b < x < c. The signed area between y = f(x) and the x-axis fora <x < ¢
is A; — A,, and the total area between y = f(x) and the x-axis fora < x < cis

Aq + A,. (See Figure 5.16.)
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Use the Midpoint Rule with n =6 to estimate the value of the integral

3
of (x> 4+ x)dx
0
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Use the Right endpoint Rule with n =6 to estimate the value of the integral

b g
°[ sinx? dx
0
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Evaluate the integral by computing the limit of Riemann sums.

1
° f 2xdx
0
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2
° [ 2x dx
1
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2
° f x2dx
0
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Properties of Definite Integrals

Linearity of Definite Integrals

/a e f(a) dr = b / ') do

/a b(f () + g(x)) de = /ﬂ b flx) do+ /a b g(x) da

/: (f(x) = g(x)) doe = /abf(.l') dr — /ab g(x) dr

Additive Interval Property of Definite Integrals

b c b
f f(x) (Ll'z/x f(x) (ltzr—i-/ f(x) dr

Reversed Interval Property of Definite Integrals

/ ) di = - [ rwas

Simple Maximum and Minimum Values for Definite Integrals
If a function f(x) is continuous and bounded between y = m and y = M on the
interval [a,b], i.e. m < f(x) < M on the interval, then

AHMED ATA AHNED ATA
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b
m(b—a) < / flx) de < M(b— a)

Comparison of Definite Integrals
If f(r) < g(x) on an interval [a, b], then

b b
/ flx) de < / g(x) dx
ahatta.math@gmail.com % Grade 12 Advanced
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write the given (total) area as an integral or sum of integrals.

@ The area above the x-axis and below ~ y = 4 — x°

>
I
S
m
o]
>
-
>
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o The area above the x-axis and below y = 4x — x*
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° The area below the x-axis and above y = x* — 4
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@ The area below the x-axis and abovey = x* — 4x

>
I
S
m
o]
>
-
>
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oThe area between y = sinxandthe x —axisfor 0 < x < w

. . [ 4
° The area between y = sin x and the x — axis for — S SXSs7
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compute [ ; f(x)dx

ifx <1

2x
© f(x)==4 ifx > 1

>
I
S
m
o]
>
-
>
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ifx <2

2
© f("‘)=[3x if x > 2
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Evaluate _/'[,3 f(x) dx, where f(x) is defined by
2, ifx<2

o f(x)={1, if x> 2

g
=
g
a
w
2
I
g
g
=
g
a
wu
2
I
g

ahatta.math@gmail.com {F Grade 12 Advanced



AHMED ATA AHNED ATA

The Featured program

g
=
g
a
w
2
I
g
g
=
g
a
wu
2
I
g

The Featured Program TERM 3 (2025-2026)

An integral representing average value:

s b
[ 1 1
fave = lim b-a;f("")“ =b_alf(x)dx.

L

THEOREM 4.4 (Integral Mean Value Theorem)

If f is continuous on [a, b], then there is a number ¢ € (4, b) for which

1 b
fo =5 [ fora

Compute the average value of the function on the given interval.

€ /0)=2x+1.104]

o f(x)=x>4+2x,[0,1]

L 17

f(x)=x%—1,[1,3]
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Simple Maximum and Minimum Values for Definite Integrals
If a function f(x) is continuous and bounded between y = m and y = M on the
interval [a, b], i.e. m < f(x) < M on the interval, then

b
m(b—a) < / f(x) de < M(b— a)

Use the Integral Mean Value Theorem to estimate the value of the integral

|
@ [ Vx2+ ldx
0
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/2
° / 3cosx2dx

/3
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1/2 R
o f e—x- dl‘
0
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Find a value of c that satisfies the conclusion of the Integral Mean Value Theorem

2
@f 3x2dx (= 8)
0
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°f (x? = 2x)dx (=

1

w2

)
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Use properties of definite integrals to write the expression as a single integral

2 3
° ff(x)d.\'+ff(x)d.r
0 2

3 3
°[ f(x)dx —[ f(x)dx
0 2
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g
'—
54
a)
W
=
I
iS¢
q
'—
g
a)
W
2
I
g
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assume that ff f(x)dx =3 and ff g(x)dx = —2 and find

3 3
Qf [f(x) 4+ g(x)]dx © f] [2f(x)— g(x)]dx
I
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’ 3
© 0 - gl dx o [[4g(x)_3f(x)]dx
1
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Sketch the area corresponding to the integral.

2
4
o f (Xz — X ) d.’( ° f ('_,‘.2 _ X)dx
1 2

g
'—
: :
a
: :
% 2 20 o
: 5
>
E 1.5 15
: :
a
E 1 10 r%
I o
© s
05 5 >
E 0 0.5 1 15 2 0 1 2 3 4 5 E
; ]
g -0.5 -5 §
- |.
0 6 / cosx dx ° e " dx b
e 0 0
-] -2 '='
w
® w
[ ¥ Q
b b
0 i 0
ﬁ 05 ﬁ

-m/2 0 mf m
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Use the graph to determine whether foz f(x)dx is positive or negative

Yy
A

o -4

-054
-104
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e Use a geometric formula to compute the integral.

° jZSxdx
0

10
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o fzx/él—xzdx
0

o f—os V9 — x*dx
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o —j_imdx \ e 0 /
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Lesson (5-5)

The Fundamental Theorem of Calculus

THEOREM 5.1 (The Fundamental Theorem of Calculus, Part I)

If f is continuous on [q, b] and F(x) is any antiderivative of f(x), then

/ f(x)d — F(a). (5.1)
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Using the Fundamental Theorem to Compute each integral exactly

2
o f (2x — 3)dx
0

3
© f(.r2—2)dx
0
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1
° /(x3—|—2x)dx
-1

g
=
g
a
w
2
I
g
g
=
g
a
wu
2
I
g

ahatta.math@gmail.com % Grade 12 Advanced



The Featured Program msssss——— TERM 3 (2025-2026)

© /[ (i-L)«
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1
° f (663 + 4)dx
0
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o f (2sinx —cosx)dx
/2

/4
o f secttant dt
0
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/4
o f sec’ t dt
0
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4
© f 1t —2)dt
0

4
@ / e Fdx
0
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@ [

t
o f (@Y dx
0
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1
° [(sin2 x + cos? x) dx
0
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Find the given area

o The area above the x-axis and below y = 4 — x?

-3 -1 0 1
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° The area below the x-axis and above y = x? — 4x

N

-3

4
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o The area of the region bounded by y = x%,x = 2 and the x — axis

5

4

-2 -1 0 1
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o The area of the region bounded by y = x3,x = 3 and the x — axis

30
25
20
15

10

>
I
S
m
o]
>
-
>

5

9

-5

° The area between y = sinx and thex — axis for0 < x <«
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e The area between y = sin x and the x — axis for — g < x < %
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THEOREM 5.2 (The Fundamental Theorem of Calculus, Part II)
If f is continuous on [a, b] and F(x) = fax f(#) dt, then F'(x) = f(x), on [a, b].

g
'—
A Find the derivative f'(x). 2
W S
= x m
N 2 o
H €D f(.x)_fo (1> =31 +2)d1 ;
< >
'—
: :
0 2
: x :
< f(.r):f (1 =3t —4)dt >
© : :
£
g £
: :
2
g@ f(x)=[ (e7" + 1)dt 0
a ’ g‘
L]
0 v
b 0
5 -
w -]
: 2 =
‘© f(x)=/ sect di $
0 X 0
& £
F =
2—x
@ f(x)=/ sin t2dt
ex
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xe*

© f(x)=f e?dt
2

—X
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3

E @fm=f sin(31) d1 :
® x2
: a
=‘= :
S
0 L)
u 0
- |.
w 3
g |
9 ¢
. e
0 _ 0
i sin x £
F € fm=[ (1> + 4) dt =
3x
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Find the position function s(¢7) from the given velocity or acceleration function
and initial value(s). Assume that units are feet and seconds

@ v(t) =40 — sint, s(0) =2

e v(t) = 10e7 ", s(0) =2
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)=4—1,v(0)=8,5(0)=0

Q
=
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© «nH=16—12v0)=0,s(0) =30
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3 Suppose that the rate of change of water in a storage tank is f (f) = 10 sin t gallons per
minute.
(a) For 0 < t < 2m, determine when the water level is increasing and when the water level is

decreasing.
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(b) If the tank has 100 gallons of water at time ¢ = 0, determine how many gallons are in the
tank att = m.

Find an equation of the tangent line at the given value of x.

x2

o F(x) = jln(t3 + 4)dt atx = 2

4
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X

a F(x) = fsin\/t2+1t2dt atx =0

0
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xZ
° F(x) = j\/t2+1dt atx =1
1
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X

° F(x) = ]ln(tz + 2t + 2)dt atx = —1

-1
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X

o F(x) = fe‘tz”ldt atx =0

0
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° Use the graph to list fol f(x)dx; foz f(x)dx and f03 f(x)dx in
order, from smallest to largest. For g(x) = f(f f(t) dt determine
intervals where g is increasing and identify critical points for g.
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Lesson (5-6)

Integration by Substitution

To evaluate

substitute u = g(z), and du = ¢'(x)dz to give

/ f(u)du

Integration is then carried out with respect to u, before reverting to the original variable x.
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Use the given substitution to evaluate the indicated integral

o /xl\/x3+2dx,u=x3+2
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o /2{3(354 + 1) Bax,u=x*+1
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O [y
X
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o /sinxcosxdx, u =sinx

evaluate the indicated integral.

5 /x3\/x4+3dx
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©

dx

sinx

\/COSX
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